
有些时候我们关心的不是其全面情况，而是其概要。比如一亩地的亩产量与平均产量的偏离程度等。

4.1 随机变量的数学期望
4.1.2 随机变量函数的数学期望
4.2 随机变量的方差
4.1.3 协方差与相关系数
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$x=x_i$ 0 1 2 3 ... M 总和

出现次数 $m_0$ $m_1$ $m_2$ $m_3$ ... $m_M$ N

出现频率 $p^*_0$ $p^*_1$ $p^*_2$ $p^*_3$ ... $p^*_4$ 1

$X=x_i$ 7 8 9 10

P 0.1 0.3 0.3 0.3

$Y=y_i$ 7 8 9 10

P 02 0.3 0.5 0.1

4.1 ?????????

????

??????????????????

?? $N=\Sigma_{i=1}^{M}m_i, p^*_i = m_i /N $

????????????????

$$\overline{X} = \Sigma_{i=1}^{M} p^*_ix_i $$

???????????????????????????????????????
$\Sigma_{i=1}^{M} p_ix_i $ ????????????????????????????????

1. ????????????

???4.1.1 ?$X$????????? ??????$$P(X=x_i) = p_i, i=1,2,3,...$$

?$\Sigma_{i=1}^{+\infty} p_ix_i$ ????????X??????????$$E(X) =
\Sigma_{i=1}^{\infty} p_ix_i$$

?$\Sigma_{i=1}^{+\infty} p_i|x_i|$??????$X$????????

?4.1.1 ?????????X?Y???????????????X,Y??????

???????



$$ F(x) = \begin{cases} 0, \text{ } x \leq 0 \\ \frac{x}{4}, \text { } 0 \lt x \leq 4 \\ 1, x \gt 4
\end{cases} $$

$$ f(x) = \begin{cases} 0, x \leq 0，  x \gt 4, \\ \frac{1}{4}, 0 \lt x \leq 4 \end{cases} $$

$$ f(x) = \begin{cases} ax+b, 0\leq x \leq 1, \\ 0, 其他  \end{cases} $$

? $E(X) = \Sigma_{1}^{4}x_ip_i = 0.1\times7 + 8\times0.3 +
9\times0.3 + 10\times0.3 = 8.8$

$E(Y) = \Sigma_{1}^{4}y_ip_i = 0.2\times7 + 8\times0.3 +
9\times0.5 + 10\times0.1 = 8.5$

2.????????????

?? 4.1.2 4.1.1 ?$X$????????? ?????$f(x)$,?

$$\int_{-\infty}^{+\infty}xf(x)dx$$????????X??????$E(X) = \int_{-
\infty}^{+\infty}xf(x)dx$

? 4.1.4 ??????X??????

? $E(X)$?

??F(x)??????

??$E(x) = \int_{-\infty}^{+\infty}xf(x)dx = \int_{0}^{4}\frac{1}{4}xdx =
\frac{1}{4}\frac{x^2}{2}\big|^4_0 = 2$

? 4.1.6 ?????X??????

?$E(x) = \frac{7}{12}$, ?a?b??????????

?: ???????????

??$E(X) = \int_{0}^{1}x(ax+b)dx =
(\frac{1}{3}ax^3+\frac{1}{2}bx^2)\big|^1_0 = \frac{a}{3} + \frac{b}{2} =
\frac{7}{12}$

$\int_{-\infty}^{+\infty}(ax+b)dx = \int_{0}^{1}(ax+b)dx =
(\frac{1}{2}ax^2+bx)\big|^{1}_{0} = \frac{a}{2} + b = 1$



$$ F(x) = \begin{cases} 0, x \leq 0，  \\ \big(\frac{x^2 + x}{2}), 0 \leq x \leq 1 \\ 1, x \gt 1
\end{cases} $$

?? a=1, b=1/2,

???$0 \leq x \leq 1 $ ??

$F(x) = \int_{0}^{x}f(t)dt = \int_{0}^{x}(x+\frac{1}{2})dt = (\frac{x^2 +
x}{2})\big|^x_0 = \frac{x^2 + x}{2} $

?????????



$x=x_i$ -2 0

P 0.3 0.1

4.1.2 ???????????
?X????????$g(x)$????????$Y=g(x)$???????????????????X
?????Y?????????????$g(x)$?????$E[g(x)]$,
?????????????????????

??4.1.1 ?X????????$Y=g(x)$,?$E(Y)$???

(1). ?$X$???????????????**

$$P{X=x_i} = p_i, i=1,2,3,....$$

?Y??????$$E(Y)=E[g(x)]=\Sigma_{i}^{+\infty}g(x_i)p_i$$

(2.)?$X$?????????????????$f(x)$? ?$\int_{-\infty}^{+\infty}g(x)f(x)dx$ ??????Y
??????

$$E(Y)=E[g(x)] = \int_{-\infty}^{+\infty}g(x)f(x)dx$$

? 4.1.6 ?????X????????

?$E(2X+3)$, $E(X^2-1)$?

?? $E(2X+3) = 2 \times (-2) \times0.3 + 2\times 0 \times 0.1 = -1.2 $

$E(X^2-1)=4\times0.3 + 0^2 \times 0.1 = 1.2$

?? ?1???4.1.1????????$E[g(X)]$??????$g(X)$?????????$X$
??????????????????????????

?2???4.1.1 ?????????????.

4.1.3 ???????

?1??C?????$E(C) = C$

????????c????????????,$X \equiv C$???????

$$P{X=c} = 1 $$ ??$$E(c) = cP{X=c} = c $$

(2) ?$C$?????$E(CX) = CE(X)$



??? ?X???????????????$$P{X=x_i}=p_i, i=1,2,3,......$$

?$$E(CX) = \Sigma_{i}^{+\infty}(Cx_i)p_i = C\Sigma_{i}^{+\infty}x_ip_i = CE(x)$$

?X????????,??????$f(x)$, ?$$E(CX) = \int_{-\infty}^{+\infty}Cxf(x)dx= C\int_{-
\infty}^{+\infty}xf(x)dx=CE(x)$$

(3)????????????????????????????$$E(X+Y) = E(X) + E(Y)$$

(4) ?? ?????????????????????????$$E(\Sigma_{i}^{n}X_i) =
\Sigma_{i}^{n}E(X_i)$$

(5) ????????????????????????????????$$E(XY) = E(X)E(Y)$$



$$ \begin{aligned} D(X) =E[X-E(X)]^2 \\ =E(X^2 - 2XE(X) + [E(X)]^2) \\ =E(X^2) - 2E(XE(x)) +
[E(E(X))]^2 \\ =E(X^2) - 2E(X)E(X) + [E(X)]^2 \\ =E(X^2) - [E(X)]^2 \end{aligned} $$

$$ \begin{align} D(X) =E[CX-E(CX)]^2 \\ =E(C^2X^2 - 2CXE(CX) + [E(CX)]^2) \\ =E(C^2X^2) -
2E(CXE(CX)) + [E(E(CX))]^2 \\ =E(C^2X^2) - 2E(X)E(CX)E(C) + [E(CX)]^2 \\ =C^2E(X^2) -
2C^2[E(X)]^2 + [CE(X)]^2 \\ =C^2[E(X^2) - [E(X)]^2] =C^2D(X) \end{align} $$

4.2 ???????
????????????????????????????????????????????????????????????????
?????????????????????????????

?????????????????????????????????????$$E{|X-E(x)|}$$

????????????????????? $$E{[X-E(X)]^2}$$?????????????????

??4.2.1 ?X????????$E[X-E(x)]^2$???????X????? $$D(X)=E[X-
E(X)]^2$$

??

(1). ?????????$X$???$g(x)=[x-E(X)]^2$??;

(2). ?????$X$????????????$P{X=x_i}=p_i, i=1,2,3,.....$??$$D(X) =
\Sigma_{i=1}^{+\infty}[X_i-E(X)]^2p_i $$

(3). ?$X$???????????????$f(x)$,?????$$D(X) = \int_{-\infty}^{+\infty}[x-
E(X)]^2f(x)dx$$

4.2.2 ?????

?? 4.2.1 ??????$X$??????????????????????????????

???

4.2.3 ?????

(1). ???C,? $D(C)=0$

??$D(C)=E[C-E[C]]^2 = 0 ?? E(C) = C$

(2) ??? $C$?$X$ ?????,? $D(CX) = C^2D(X)$

??



$$ \begin{align} D(X+Y) =E[X+Y - E(X+Y)]^2 \\ =E[(X+Y)^2 - 2(X+Y)E(X+Y) + [E(X+Y)]^2 \\
=D(X)+D(Y) + 2E{X-E(X)}E{Y-E(Y)} \end{align} $$

$$ \begin{aligned} 则 X=X_1+X_2+....+X_n \\ P{X=0} = 1-p0 \\ P{X=1} = p \\ E(X_i) = 0 \times (1-
p) + p= p \\ E(X) = \Sigma_{i=1}^{n}E(Xi) = np \\ D(X) = np(1-p) \end{aligned} $$

(3). ?$X?Y$?????????

$$D(X \pm Y) = D(X)+D(Y) \pm 2E{X-E(X)}E{Y-E(Y)}$$

????$X?Y????? $D(X+Y) = D(X) + D(Y)$

??

4.2.4 ????????????

? 4.2.1 ?????$X$??0-1????????$P{X=0} = 1-p, P{X=1} = p$? ?$E(X), D(X)$?

??$E(X) = \Sigma_{0}^{1} x_ip_i = 0 \times (1-p) + 1 \times p = p $

$D(X) = E(X^2) - [E(X)]^2 = 0^2 \times (1-p) + 1^2 \times p - p^2 = p - p^2$

? 4.2.2 ?$X \sim b(n,p)(????)? ?E(X), D(X)$

? ?? $X \sim b(n,p)$ ??X??n???????????$P{X=k}=C^k_pp^k(1-p)^{n-k}$?

$$ X = \begin{cases} 0 \text{ } , ?i??? \\
1 \text{ } ??i??? \end{cases} i = 1,2,3,...
\\ $$

?4.2.5 $X \sim P(\lambda)$??E(X),D(X)?

??????$P{X=k} = \frac{\lambda^k e^{-\lambda}}{k!}? k=0,1,2,3,.....$

$E(X) =\Sigma_{k=0}^{+\infty}k\frac{\lambda^k e^{-\lambda}}{k!} $

$ = \lambda e^{-\lambda} \Sigma_{k=0}^{+\infty}\frac{\lambda^{k-
1}}{(k-1)!} = \lambda e^{-\lambda} e^{\lambda} = \lambda $

$E(X^2) = E[X(X-1)+X] = E[X(X-1)] + E(X) = \lambda^2 + \lambda $



$$ f(x) = \begin{cases} \frac{1}{b-a}，  \text{ } a \leq x \leq b \\ 0，  其它  \end{cases} $$

$$ f(x) = \begin{cases} \lambda e^{-\lambda x}，  \text{ } x \gt 0 \\ 0，  其它  \end{cases} $$

$D(X) = E(X^2) - [E(X)]^2 = \lambda $

?4.2.6 ?$X \sim U(a,b) $?? $E(X),D(X)$?????

$X$ ??????

$E(X) = \frac{1}{b-a}\int_{a}^{b}xdx = \frac{a+b}{2}$

$D(X) = E(X^2)-[E(X)]^2 = \frac{1}{b-a}\int_{a}^{b}x^2dx = \frac{(b-
a)^2}{12}$

?4.2.7 ? $X \sim E(\lambda),?? E(X),D(X)$?????

????????????

$E(X)= \int_{0}^{+\infty}x \lambda e^{ -\lambda x}dx =
\frac{1}{\lambda}$

$E(X^2) = \frac{2}{\lambda^2}$

$D(X) = \frac{1}{\lambda^2}$

?4.2.8 ? $X \sim N(\mu, \sigma^2),?? E(X),D(X)$?????

????? $f(x) = \frac{1}{\sqrt{2 \pi \sigma}}e^{\frac{(x-
\mu)^2}{2\sigma^2}}$

$E(X) = \mu, E(X^2) = \sigma^2 + \mu^2$

$D(X) = \sigma^2$

?? 4.2.2 ?????$X$??????$E(X)=\mu ,??D(X)= \sigma^2 $,
???????$\epsilon$, ???



$$P{|X- \mu | \geq \epsilon } \leq \frac{\sigma^2}{\epsilon^2} $$ ?

$$P{|X- \mu | \lt \epsilon } \geq 1- \frac{\sigma^2}{\epsilon^2} $$
???????



$$ \begin{aligned} cov(X,Y) = E{X-E(X)} \\ =E{XY - XE(Y) - YE(X) + E(X)E(Y)} \\ =E(XY) - E(X)E(Y)-
E(Y)E(X) + E(X)E(Y) \\ =E(XY)-E(X)E(Y) \end{aligned} $$

$$ f(x)=\begin{cases} 8xy, \text{ } 0 \leq x \leq y \leq 1 \\ 0, \text{ } 其他  \end{cases} $$

4.1.3 ????????
????????????????????????????????????????????????????????????????
?????????????

?????? ?$(X,Y)$???????? $$E{[X-E(X)][Y-E(Y)]} $$???????????
$(X,Y)$???????$cov(X,Y)$?

?$(X,Y)$???????????????$$P{X=X_i, Y=y_i}=p_{ij}, i,j=1,2,3...,$$

? $$cov(X,Y) = \Sigma_{i,j}[x_i-E(X)](y_i-E(Y)]p_{i,j}$$

?$(X,Y)$?????????????????$f(x,y)$?????

?????$$cov(X,Y) =\int_{-\infty}^{+\infty}\int_{-\infty}^{+\infty}[x-
E(X)](y-E(Y)]f(x,y)dxy $$

?$X?Y ??$ ? $cov(X,Y) = 0$?

4.3.2 ??????

1. $cov(X,X) = D(X);$

2. $cov(X,Y) = cov(Y,X);$

3. $cov(aX,bY) = abcov(X,Y)$, ??ab?????

4. $cov(C,Y) = 0$,C?????

5. $cov(X_1+X_2, Y) = cov(X_1,Y) + cov(X_2,Y)$

?????????????? $$D(X \pm Y) = D(X) + D(Y) \pm 2cov(X,Y) $$

?4.3.2 ?????$(X,Y)$??????

?$cov(X,Y), D(X+Y)$

http://wiki.shopqorg.com/Y-E(Y)


$$ f_X(x)=\begin{cases} 4x(-x^2+1), \text{ } 0 \leq x \leq 1 \\ 0, \text{ } 其他  \end{cases}
f_Y(x)=\begin{cases} 4y^3, \text{ } 0 \leq y \leq 1 \\ 0, \text{ } 其他  \end{cases} $$

让我们用更通俗的语言来解释如何在给定的区域  D={(x,y)∣0≤x≤y≤1}
上进行二重积分，并确定其积分上下限。  想象你有一个二维的平面，这个平面上有一个由直线  x=0，
y=1 和  y=x 围成的三角形区域。这个三角形的一个顶点在原点  (0,0)，另一个在  (0,1)，还有一个在
(1,1)。  现在，你要在这个三角形区域内对某个函数  f(x,y)
进行积分，也就是计算这个函数在整个区域内的平均值（或者说 “总效果 ”
，但这不是严格的数学定义，只是为了方便理解）。

有两种基本的方法来做这件事：

对于三角形内的每一个  y 值（从  0 到  1
），你可以想象有一条水平的线穿过了三角形。这条线上的每一个点都有一个  x 值，而这个  x
值的范围是从  0 到  y（因为三角形的左边是  x=0，而右边是  y=x 这条线）。
所以，对于每一个固定的  y 值，你先对  x 从  0 到  y 进行积分，得到这个函数在这条水平线上的 “效果 ”
。  然后，你再对  y 从  0 到  1 进行积分，把所有这些水平线上的 “效果 ”
加起来，就得到了整个三角形区域内的积分结果。

这种方法是反过来做的。对于三角形内的每一个  x 值（从  0 到  1
），你可以想象有一条垂直的线穿过了三角形。这条线上的每一个点都有一个  y 值，而这个  y
值的范围是从  x 到  1（因为三角形的下边界是  y=x，而上边界是  y=1）。

所以，对于每一个固定的  x 值，你先对  y 从  x 到  1 进行积分，得到这个函数在这条垂直线上的 “效果 ”
。  然后，你再对  x 从  0 到  1 进行积分，把这些垂直线上的 “效果 ”
加起来，也得到了整个三角形区域内的积分结果。

??$cov(X,Y) = E(XY)- E(X)E(Y)$

$f_X(x) = \int_{x}^{1}f_X(x,y)dy = 8x\int_{x}^{1}ydy = 4xy^2\big|^1_x = 4x(-x^2+1)
$

$f_Y(y) = \int_{y}^{0}f_Y(x,y)dx = 8y\int_{0}^{y}xdx = 4yx^2\big|^y_0 = 4y^3$

$E(X) = \int_{-\infty}^{+\infty}xf_X(x)dx = 8/15$

$E(Y) = \int_{-\infty}^{+\infty}yf_Y(x)dx = 4/5$

$E(XY) = \int_{-\infty}^{+\infty}\int_{-\infty}^{+\infty}xyf(x,y)dxdy$

$= \int_{0}^{1} dx \int_{x}^{1}(xy \times 8xy)dy = 4/9 $

?? x ??????? y ?????

?? y ??????? x ?????



$cov(X,Y) = E(XY) - E(X)(Y) = \frac{4}{9} - \frac{8}{15} \times \frac{4}{5} =
\frac{4}{225}$

$E(X^2) = \int_{-\infty}^{+\infty}x^2f_X(x)dx = 1/3$

$E(Y^2) = \int_{-\infty}^{+\infty}y^2f_Y(x)dy = 2/3$

$D(X+Y) = D(X) + D(Y) + 2cov(X,Y)$

$ = E(X^2) - [E(X)]^2 + E(Y^2) - [E(Y)]^2 + \frac{4}{225} = 1/9$

4.3.3 ??????? ?$(X,Y)$????????$ D(X) \gt 0, D(Y) \gt 0 $, ? $$
\rho = \frac{cov(X,Y)}{\sqrt{D(X)D(Y)}} $$?????X?Y
??????????$\rho=0$?X?Y????

4.3.4 ???????

1. $|\rho| \leq 1;$

2. ?X?Y??????$\rho=0;$

3. ?$D(X) >0, D(Y) > 0$?

? $|\rho| =1$????????$a,b(a ??? 0)$??$P{Y=aX+b}=1$,

??? a>0 ? $\rho=1$,a<0? $\rho = -1$.



???


